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ACCURACY OF NAVIGATION IN VARIOUS REGIONS OF 

EARTH-MOON SPACE WITH VARIOUS COMBINATIONS 

OF ONBOARD OPTICAL MEASITREMENTS 

By Alton P. Mayo, Ruben L. Jones, and William M. Adams 
Langley Research Center 

A study was made of the relative accuracies of 60 combinations of onboard 
optical observations that may be available for use in determining the position 
and velocity of a spacecraft from the vicinity of the earth to the vicinity of 
the moon. The method of analysis consisted of computing along a nominaltra- 
jectory the mathematically correct onboard-optical-observation angles for spec- 
ified times, adding random errors to the optical observations, computing transi- 
tion matrices, and statistically reducing the results to obtain the estimated 
errors in the initial position and velocity for a particular region of the 
trajectory . 

The procedure used is discussed and the method of computation is given. 
Data presented show the effects of the number of observations and the frequency 
of observation on the accuracy of determining position and velocity. Accuracies 
for some of the better combinations of measurements studied are plotted over the 
earth-moon region. 

The study indicated that the estimated errors in position and velocity of 
the spacecraft tend to converge after 4 0  observations when the observations 
were made at a rate of 10 per hour. On the basis of these results, errors in 
position and velocity for various combinations of optical observations were 
computed and compared. The errors are given as root-sum-square values of the 
estimates and standard deviations. The results revealed that, for an assumed 
standard deviation in instrument error of 10 arc-seconds (except for horizon- 
type measurements near the earth or moon), the better of the combinations of 
observations studied were as follows: (a) Near the earth, the combination of 
optical measurements of the earth's angular diameter, azimuth, and elevation, 
or equivalently angular diameter and two stars to body center, was most accu- 
rate. The contribution of angular diameter to the accuracy in this region was, 
however, small and the use of only azimuth and elevation or two stars to body 
center gave approximately the same results. 
1.5 hours after insertion (a radial distance from earth's center to spacecraft 
of 31,704 km), the most accurate combination consisted of the onboard observa- 
tion of the angles between the earth's horizon and three stars as seen from the 
spacecraft. (e) For the remainder of the trajectory up to the moon's sphere of 
influence, the most accurate combination consisted of the measurement of the 

(b) For the regions beginning 



angle between the horizon of the earth and one star and the angles between the 
horizon of the moon and two stars. 

In the terminal region within the moon's sphere of influence, measurements 
made solely on the moon would be expected to be of the highest accuracy. 
Results are not presented for this region; however, the results should be some- 
what similar to those obtained by using measurements made on the earth at close 
range. 

INTRODUCTION 

Two approaches have been proposed for achieving the goal of midcourse cir- 
cumlunar navigation - that is, for determining the position and velocity of a 
spacecraft in earth-moon space. One method employs earth-based radio measure- 
ments (ref. 1) and the other utilizes onboard optical measurements (refs. 2 
and 3). 
technique investigated in this study. 

The optical method which has been given much attention lately is the 

Briefly, the procedure of optical midcourse navigation involves taking many 
optical measurements over an interval of time and transitioning the data to 
obtain equivalent data for a future specified time. After these data are sta- 
tistically reduced to obtain the best estimate of the spacecraft's position and 
velocity vectors at that time, the necessary corrections to the trajectory may 
be computed. This procedure may be repeated for various regions of the 
trajectory. 

Many types of optical navigational sightings may be made in the various 
regions of earth-moon space (ref. 4); however, in certain regions some combina- 
tions are more accurate than others (for example, see refs. 5 and 6). For this 
reason the onboard navigation system should select the most effective measure- 
ments for a particular region. 

In the present paper, many different combinations of optical measurements 
that may be available for determining the spacecraft's position and velocity 
are studied. The theory of the navigation procedure used is discussed and the 
methods employed are given. Accuracies of a large number of the combinations 
in the various regions are presented in tabular form for comparison purposes. 
Although some of the combinations chosen were expected to be less accurate than 
others, they were also included to show the size of errors. Moreover, there may 
be omissions of combinations of greater accuracy than those presented. Data 
presented establish the position and velocity accuracies for a given number of 
position fixes (combinations of two or three observations) and rate of observa- 
tion. Accuracies for the better combinations of measurements studied are plot- 
ted over the earth-moon region. 
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SYMBOLS 

Q 

am 
n 

Q 

9 

direct ion cosine of l i n e  of s igh t  t o  star with respect t o  X-, Y-, 
Z - a x i s ,  respectively; subscripts 1, 2, and 3 are  used t o  r e f e r  
t o  pa r t i cu la r  stars (see  t ab le  I) 

uncertainty i n  determining horizon 

o r b i t a l  inc l ina t ion  of beacon 

a pa r t i cu la r  set of ear th  and moon referenced observations 

matrix of p a r t i a l  der ivat ives  of angular measurements with respect 
t o  t r a j ec to ry  var iables  

onboard op t i ca l  measurement; subscript  I, 2, o r  3 i s  used t o  r e f e r  
t o  a pa r t i cu la r  onboard type of measurement 

random e r ro r  i n  measurement 

number of space angles observed 

element of matrix @::,t {ml ;} 
[I 4:: , t I bl I:, , tJ element of matrix 

radius of ea r th  o r  moon 

r a d i a l  distance from e a r t h ' s  or  moon's center  t o  beacon 

radial distance from body's center t o  vehicle 

t i m e  from beginning of region of observation 

weight given t o  one observation 

earth-centered, i n e r t i a l ,  rectangular coordinate axes 

orthogonal components of earth-centered, i n e r t i a l ,  right-hand, 
rectangular coordinate system 

coordinates f o r  t r a j ec to ry  1 i n  x, y, z di rec t ions  

coordinates for t r a j ec to ry  2 i n  x, y, z direct ions 
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II IIIII I Ill1 

incremental change o r  estimate of e r ror  i n  x-, y-, z-component 
of t ra jec tory ,  respectively 

incremental change i n  x-, y-, z-component, respectively, of land- 
mark or beacon 

root sum 

(Ax2 + 

(&2 + 

root sum 

square of best  estimate of e r ro r  i n  posit ion,  

4y2 + ..’)I/‘ 
square of best  estimate of e r ro r  i n  velocity,  

subtended angle (vehicle-centered i n e r t i a l  coordinate system) 

matrix of deviations i n  angular measurements resu l t ing  from a 
departure from reference t r a j ec to ry  

deviation i n  a single angular observation 

matrix of deviations i n  ac tua l  onboard measurements 

matrix of .deviat ions of posi t ion and veloci ty  i n  x, y, z directions 

matrix of most probable e r rors  i n  posi t ion and veloci ty  i n  x, y, 
z direct ions 

deviation i n  x-, y-, z-component, respectively 

matrix of e r rors  i n  measurements 

longitude of landmark or beacon on ear th  or moon a t  to 

standard deviation 

standard deviation of range independent component of the random 
e r ro r  

root sum square of standard deviations of e r ro r  i n  posit ion,  

root sum square of standard deviations of e r ro r  i n  velocity,  

geocentric l a t i t ude  of landmark o r  beacon f o r  ear th  o r  moon a t  to 

angular veloci ty  of earth,  moon, or  orb i t ing  beacon 
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Subscripts: 

B 

E 

e 

i 

M 

m 

0 

t 

S 

meas 

Notation : 

CI 
II II 

I I  

orbiting beacon of earth or moon 

earth referenced observation 

earth center 

particular angular observation 

particular column of a matrix 

landmark on earth or moon 

moon referenced observation 

moon center 

initial point 

time of particular observation i 

initial time of observation 

a particular row of a matrix 

mea sure d 

square matrix 

rectangular matrix 

column matrix 

absolute value 

Matrix exponents: 

T indicates the transpose 

-1 indicates the inverse 

* indicates a weighted quantity 

Bar over symbol indicates a vector. Variables separated by comas and in 
parentheses are vectors. 

Two vectars separated by a dot denote a dot product. 
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A derivative with respect to time is denoted by a dot over the variable - 
for example, = 2. 

NAVIGATION MEASUREMENTS 

The accuracies of various combinations of optical observations available 
for midcourse earth-moon navigation are compared in this study. To establish 
the accuracies obtainable from a given number of observations and rate of 
observation, cases were investigated in which (1) the rate of observation was 
maintained constant and (2) the number of observations was maintained constant. 
The onboard optical observations assumed available were: 

Subtended angle of the earth 

Subtended angle of the moon 

Angle between the earth's horizon and a star 

Angle between the moon's horizon and a star 

Angle between the earth's center and a star 

Angle between the moon's center and a star 

Angle between an orbiting earth beacon and a star 

Angle between an orbiting moon beacon and a star 

Angle between an earth landmark and a star 

Angle between a moon landmark and a star 

Azimuth of the earth as measured in vehicle-centered coordinate system 

Azimuth of the moon as measured in vehicle-centered coordinate system 

Elevation of the earth as measured in vehicle-centered coordinate system 

The positions of three stars of the first magnitude, selected f o r  this 
study, are given in table I. The directions of these stars form an orthogonal 
axis system with the stars approximately 200, bo, and 60° to the orbital plane. 
This orientation is desirable for accuracy considerations since the star-to-body 
angles are sensitive to vehicle motions both in the nominal trajectory plane and 
perpendicular to it. 

The landmarks used were chosen in the respective equatorial planes of the 
earth and the moon and were assumed to lie on the positive X-axis at the begin- 
ning of each region. 
used, a moon-centered, right-hand, inertial coordinate system was assumed with 

In the sighting in which the moon landmark and beacon were 
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the respective axes parallel to the earth-centered axes. Furthermore, for 
simplicity, the moon's spin axis was assumed to be parallel to that of the 
earth. The earth beacon and the moon beacon were assumed to be in circular 
orbits of 5,000-mile radii and the inclination of each orbit was taken to be 
500 with the ascending node on the X-axis. Under these conditions the land- 
marks and beacons w i l l  not always be visible; however, f o r  this study it was 
adequate to assume them to be mathematiqally visible at all times. 

The various optical observations were assumed to be weighted according to 
the equation W = l/a, where a is the standard deviation of the corresponding 
measurement error. 

Inasmuch as the effectiveness of a particular combination of measurements 
is expected to vary for different regions of earth-moon space, each measuring 
combination was investigated in six regions as illustrated in figure 1. (The 
first and second regions overlap.) 
ments were made and fo r  the main part of the study these measurements were 
assumed to be taken for 4 hours at a rate of 10 per h o e  (one position fix con- 
sists of two to three simultaneous measurements). 
fix the measurements would not be made simultaneously; however, this restriction 
does not alter the results of the present study. It was assumed that the tra- 
jectory would be redetermined fo r  each region and that the position fixe-s were 
equally spaced in time. Thus, the position and velocity results for a partic- 
ular region are independent of measurements made in other regions. 
mission the measurements made in a given region would probably be governed by 
overall accuracy considerations of the entire flight. 

In each region, combinations of measure- 

In reality, for a position 

In an actual 

A block diagram of the computational program used in this study is given 
to 

In each set, three types of measurements may be made on the earth 
in figure 2. 
available. 
and the same three may be made on the moon. Of the many available combinations 
of earth and moon referenced observations, 10 combinations were selected in each 
set to be evaluated in each of 6 regions of space. 
this study, 360 combinations were analyzed over the earth-moon region. A s  a 
consequence, a shorthand method was devised to represent each case. A three- 
digit number was used for this purpose; for example, consider case 410. The 
first digit of case 410 refers to the observation time of 4 hours; the second 
digit refers to the set of observations corresponding to the value of K = 1 
in the block diagram of figure 2; the third digit refers to the particular com- 
bination of the six optical observations available in the set for K = 1. In 
table I1 a list is given of the selected combinations of optical observations 
which correspond to the third digit. 

Six possible sets (K = 0 K = 3)  of optical observations are 

(See table 11.) Thus, for 

In order to facilitate the tabular description of the types of observations 
for each case, a set of astronomical symbols was devised. 
defined as follows: 

These symbols are 

subtended angle of the earth 
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subtended angle of the moon 

observation to the earth's horizon 

observation to the moon's horizon 

observation to the earth's center 

observation to the moon's center 

observation to star 1, star 2, and star 3, respectively 

observation of an orbiting earth beacon 

observation of an orbiting moon beacon 

observation of an earth landmark 

observation of a moon landmark 

observation of the earth's azimuth 

observation of the earth's elevation 

observation of the moon's azimuth 

observation of the moon's elevation 

The symbols are combined in the appropriate order to describe any particular 
combination. 
tended angle of the earth, of the angle included by star 1, the vehicle, and 
the moon's horizon, of the angle included by star 2, the vehicle, and the moon's 
horizon for a b-hour interval of time is case 407 and may be written with the 

aid of the astronomical symbols as @*l>, *2>. 

For example, the combination composed of the angles of the sub- 
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The 4-hour cases f o r  each region and a description of the corresponding 
opt ica l  angles are  given i n  tab les  I11 t o  VIII. 

The computing time required t o  calculate a &-hour segment of the t r a j ec to ry  
and the  60 cases by an electronic  data processing system was approximately 
1 hour, and because of the  time required it w a s  decided t o  analyze a typ ica l  s e t  
of instrument 

For t h i s  

e r rors  on- (i .e. , only one value of (5). 

THEORY AND COMPUTATIONAL TECHNIQUE 

study, a right-hand i n e r t i a l  Cartesian coordinate system was 
chosen. 
required t o  have or igins  a t  the  moon's center (calculat ions per ta ining t o  moon 
landmark or orbi t ing beacon) o r  a t  the  vehicle 's  center ( f o r  calculating space 
angles); for these observations the  axes a re  assumed t o  be p a r a l l e l  t o  those of 
the earth-centered system. The X-axis i s  posi t ive i n  the  direct ion of the  mean 
equinox a t  midnight of December 31, 1967 and l i e s  i n  or p a r a l l e l  t o  the equa- 
t o r i a l  plane. The Z-axis l i e s  along or p a r a l l e l  t o  the spin axis  of the ear th  
and i s  posi t ive i n  the posi t ive direct ion of spin. The Y-axis i s  normal t o  the 
XZ-plane and completes the  right-hand system. 
description of the coordinate system and the  t ra jec tory  computational 
technique.) 

The o r i g i n - i s  defined t o  be a t  the ear th 's  center except when it was 

(See ref. 7 for a fur ther  

Theory 

If deviations i n  posi t ion and veloci ty  a t  some exis t ing  time a f t e r  inser-  
t ion ,  to hours, a re  assumed t o  be l i nea r ly  re la ted  t o  those resu l t ing  a t  some 
future  time a f t e r  inser t ion,  t hours, then the deviations a t  time t are  
re la ted  t o  the values a t  time to by 

t o  I] si 

t o  

where [@]to,t i s  a square matrix ( t r ans i t i on  matrix) of 36 p a r t i a l  derivatives 

of each of the  t r a j ec to ry  var iables  %, y t ,  z t ,  kt, $t, and k t  with 
respect t o  each of the var iables  x + ~ ,  y to ,  Z t o ,  ; c t o 9  ?to, and ita, and 
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are the column matrices of the future deviations and of the existing deviations 
in position and velocity, respectively. In shorter form, equation (1) becomes 

For the sighting in which optical measurements mi are made (where the 
subscript i indicates a particular angular measurement - that is, subtended 
angle, azimuth, etc.), the deviations resulting from a departure from the ref- 
erence trajectory at t hours are related to those at to hours by 

where the partial derivatives of the measurement with respect to the individual 
components of initial velocity and initial position are assumed to vary linearly 
with respect to the trajectory variables. Thus, 

where {EM} 
ml, m2, and m3 referenced to the earth and moon and Ildlto,t is the rectan- 
gular (n 
respect to the trajectory variables. 

is the column matrix of the measured deviations in the angle 

by 6) matrix of the partial derivatives of the measurements with 

It will be assumed that the navigation system will make n optical obser- 
vations at a known rate for each region. Because of instrument errors, and so 
forth, the observations will be in error. Equation ( 3 )  implies that each obser- 
vation has zero error. Therefore, the matrix equation relating the observations 
to the unknowns becomes 

10 



If the matrix of errors is assumed to be random with Gaussian 

distributions having a zero mean and a variance of 
the most probable value of the unknowns denoted by 
weighting each of the n observation equations by multiplying by the reciprocal 
of the corresponding standard deviation u of the measurement error and solving 
the resulting system for those unknowns which minimize the sum of the squares 

u2, and not being correlated, 
(..>to) is obtained by ( 

of the weighted residuals. If the weighted observations are denoted by {AM}: * 
and the weighted observation coefficients by 

of (6X}to (denoted by {a} to) is (according to ref. 8) : 
IIMllto,t, the most probable value 

r 1-1 

Besides the inherent inaccuracy of the instrument, those measurements 
which involve the observation of a single horizon have an additional instrument 
error due to the horizon uncertainty. The standard deviation of the total 
error in a horizon measurement is expressed as 

where uI represents the instrument error, G2 represents the variance 02 of 

the error due to horizon uncertainty, r is the distance from the vehicle to 
the.body's center, and R is the mean radius of the body. 

Computational Technique 

The reference trajectory utilized for this study is a fairly low-energy 
earth-moon trajectory such as would be used for a circumlunar trip or a lunar 
landing. The assumed launch date is March 18, 1968, and the time of closest 
passage to the moon is about 70.6 hours from earth injection. The spacecraft 
trajectory was generated by using a seven-body (earth, moon, Jupiter, Venus, 
Mars, sun, spacecraft) trajectory computational program based on Encke's per- 
turbation technique. (See ref. 7 for details of the program and ref. 9 for 
details of the trajectory.) 
is shown in figure 1. 

A three-dimensional plot of the refereace trajectory 
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Eight trajectories and the optical-measurement angles at the respective 
time points were computed in accordance with the block diagram of figure 2 (see 
the appendix for the equations for the angles corresponding to the various opti- 
cal observations); trajectory 8 is assumed to be the actual trajectory traversed 
by the spacecraft and trajectory lis the nominal or reference trajectory. The 
remaining six are the disturbed trajectories (a trajectory that differs from 
the reference trajectory by a small increment in one of its parameters) used to 
compute the partial derivatives in the matrices [Q] to,t and llMllto,t. 

For the method chosen to compute the elements of [@]to,t and lIMl/lto,t, 

the assumption is made that the disturbances are sufficiently small to allow, 
for example, the approximation 

Thus, subtracting the parameters.of trajectory 1 from those of trajectory 2 
and dividing the result by Axto yields 

axto, &+--q0, and aht/&,,. Similarly, the elements 

%,E , 7 ,E , t b t  0 &l ,M, t/a.to J &2 ,M, t/axto 9 and ,M, t/aXto of 

llMllt0,t are computed. The remaining elements of the matrices [@]to,t and 

liM{lto,t 
and wt0, .&to, fitO, &to, and &to. (See ref. 10 for a discussion of the 
transition matrices and their linearity.) 

Ax+o = wt0 = Azto = 1.6093440 km 
were assumed. 

are calculated from the parameters of trajectories 1, 3, 4, 5 ,  and 6 

For this study, 

and &to = &to = &to = O.OO3O48 km/sec 

In order to study a navigation scheme, isotropic deviations from the nom- 
inal of 
62 = 69 = Si = 0.006096 km/sec (Av = 0.010558583 km/sec) were assumed to exist 
in the initial position and velocity components, respectively, for the purpose 
of computing the actual vehicular trajectory. The procedure is briefly as fol- 
lows: 
ces were computed; the actual path taken by the vehicle was then calculated; a 
particular combination of optical observations was assumed and the appropriate 
measurements were computed for the various points of the actual trajectory; 
measuring errors were generated by a Monte Carlo method for a prescribed stand- 
ard deviation u and added to the measurements to simulate actual onboard 
observations; and the data were weighted proportional to 
reduced by equation (5). 
tion of obsaxations. 

Sx = Sy = 6z = 9.6560640 km (& = 16.724795 km) and of 

A region was chosen on the reference trajectory and the transition matri- 

l/a and statistically 
The procedure was then repeated for another combina- 

12 



The star-to-horizon and angular-diameter (half-angle) measurement errors 
were assumed to vary with range. For the star-to-landmark or star-to-beacon 
and star-to-body-center measurements the error was assumed to be constant with 
range, the standard deviation of error being 5 x 10-5 radian (approximately 
10 arc-seconds). 

For the star-to-horizon and angular-diameter (half-angle) measurements, the 
variance for the earth measurements (in radians squared) was assumed to be 

and for the moon measurements to be 

a2 = 5 x 1c1-5)~ + 0.25 
( r2 - ~2 

RESULTS AND DISCUSSION 

The results shown in tables I11 to VI11 illustrate the accuracies obtain- 
able from the optical navigation scheme for numerous combinations of various 
optical measurements. In figures 3 to 11 the results for some of the better 
combinations are shown. 

Convergence of Mean of Measurement Error 

Measurements were, in general, made at a fixed rate in particular regions 
of space for varied lengths of observing time (in hours). 
ments, errors were added to simulate actual measurements and the resulting data 
were reduced to obtain the initial position and velocity error estimate at the 
beginning of each region. 

To these measure- 

Figure 3 shows both the error and the mean of the error in measuring the 
earth's subtended angle. 
at earth insertion (t = 0) and are presented to show the behavior of the random 
measurement errors. The errors are seen to follow a trend, as would be expected 
from equation (7a). Near the earth the second term in equation (7a) is large 
(corresponding to a large value of 
ues and then decrease rapidly to values which approach a constant value of a 
(5 x 10-5 radian). 
measurements of angles between the earth horizon and stars in this region, 
starting at t = 0. 
ments, the errors have a constant value of a; thus, the initial values for the 
error and mean of the error would be lower than those shown in figure 3. 

The measurements cover the &-hour interval beginning 

a); hence, the errors start with large Val- 

Results similar to those shown in figure 3 are obtained for 

For the other intervals and for the other types of measure- 
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Convergence of Standard Deviation of Estimate 

Figure 4 shows the convergence of root sum square of the standard devia- 
tions (root sum square of the standard deviations of the components) of the 
position and velocity error estimate as the number of measurements is increased. 
For this figure, a constant number of measurements was made per hour (25 combi- 
nations of observations per hour); however, the observing time is increased. 
It is evident that both the position and velocity estimate become more accurate 
as the period is lengthened. Also, the accuracy of the velocity estimate 
improves more rapidly than the position estimate with an increase in the inter- 
val of time over which the observations are made. 

Since not only the total number of observations but also the interval of 
time over which the observations were made increases in figure 4, it is impos- 
sible to determine from these plots which variable is causing the increase in 
the accuracy of the estimates. 
ard deviation of the estimates as the number of measurements is increased and 
the time interval of observation is maintained constant at 2 hours. In fig- 
ur-e 5(b) the convergence is shown as the observing time is increased and the 
number of observations is maintained constant at 40. It is evident from this 
figure that the standard deviation of the position error estimate for this com- 
bination of measuring instruments is a function of the number of measurements 
made and practically independent of the time rate of observation. However, the 
standard deviation of the velocity error estimate is a function of both the 
number of measurements and the rate of observation. 

Figure 5(a) shows the convergence of the stand- 

The standard deviations of the position error estimate and of the velocity 
error estimate improve slowly after about 4 0  position fixes (120 observations). 
After 4 hours, the standard deviation of the velocity error estimate w i l l  not 
improve greatly. Consequently, the results to be given in figures 6 to 11 per- 
tain, for the most part, to a 4-hour observation period during which 40 indi- 
vidual combinations of 2 or 3 observations are made. 

Estimated Error in Position and Velocity 

In figure 6 the estimated error (root sum square of the components) in the 
position and velocity is plotted as a function of the total number of position 
fixes made (at a rate of 25 fixes per hour). 
the errors given to the position and velocity vectors were 16.724795 Inn and 
0.010558383 km/sec, respectively, and are shown as dashed horizontal lines in 
figure 6. 

The actual root sum squares of 

Figure 6 shows a random variation of the estimated errors in the position 
and velocity for the 4-hour measuring interval beginning 20 hours after inser- 
tion. 
iations of the estimates are less than the standard deviations of the estimates. 

If reference is made to figure 4, it will be seen that these random var- 

In figure 6, the velocity error converges to the true value much more 
rapidly than the position error. The position error converges slowly for the 
first 30 to 40 groups of observations; whereas, the estimates of the velocity 
error converge quickly for this number of position fixes. Since one combination 
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of observations is completed at the end of every 0.04 hour, 1.6 hours w i l l  have 
elapsed after 40 observations. From the results of figure 5(b), it is seen that 
the rapid initial convergence of the velocity estimate occurs within this period 
of 1.6 hours. 

Even tkough the estimated errors in position and velocity have not con- 
verged sufficiently after 40 combinations of observations for satisfactory esti- 
mates of position and velocity, an increase in the specified number of 40 w i l l  
not change the results of this report since the standard deviations have con- 
verged sufficiently (as evident from figs. 4, 5, and 9) .  

Accuracy of Various Measurement Combinations 

In figure 7 the standard deviations of the position and velocity estimates 
for cases 400, 410, 430, 434, 438, and 439 are shown as a function of the radial 
distance from the earth's center. Smooth curves were drawn connecting the var- 
ious values of O r  and a, of the individual cases in order to show the vari- 
ations more clearly. 
standard deviations and increase rapidly. In these cases, all measurements are 
made on the earth. Cases 434, 438, and 439 are the more accurate except for 
approximately the first 120,000 h. In these cases, all the position fixes are 
determined by measurements on both the earth and the moon. 

Cases 400, 410, and 430 are seen to start with small 

The results shown in figures 8(a) and 8(b) are for cases which depend 
heavily on star-to-landmark and star-to-orbiting-beacon measurements. The 
curves are seen to have a wide variation. In general, the combinations which 
give the more accurate results over the greatest radial distance are those that 
involve the subtended angle of the earth (cases 440, 443, and 450). 
remaining combinations contain the observation of the moon's subtended angle, 
greater accuracy near the moon is obtained with these observations. 

Since the 

At close earth range, using the star-to-landmark measurement results in 
much higher navigational accuracy than using the star-to-horizon measurement. 
(Compare cases 401 and 441 in table 111.) 

In figure 9 the root sum square of the standard deviation of the position 
and the velocity estimates for several of the more accurate combinations are 
plotted as a flrnction of the number of hours of observation. The standard 
deviations are shown for the more accurate combination in each of the six 
regions studied. For the region beginning at insertion, t = 0 or 
r = 6,465 Inn, the most accurate combination (case 410) consisted of the sub- 
tended angle of the earth, the azimuth of the earth, and the elevation of the 
earth. This accuracy is equivalent to that obtained using 
angular diameter and two stars to body center since at least two stars must be 
sighted to aline the inertial platform used as a reference for azimuth and 
elevation. For example, case 410 (angular diameter, azimuth, and elevation) 
gives about the same accuracy as case 420 (angular diameter and two stars to 
body center). The contribution of angular diameter to the accuracy is small 
and these results are similar to those obtained for cases 411 and 421 where 
two-stars-to-body-center, elevation, and azimuth measurements are involved. 

(See table 111.) 



For t he  region beginning 1.5 hours after inser t ion ,  r = 31,704 km, the  

(See 
most accurate combination (case 430) consisted of t h e  observation of the  angles 
between the  ea r th ' s  horizon and three  s t a r s ,  as seen from the  vehicle.  
t ab l e  IV.) For the  remaining in t e rva l s  beginning 10, 20, 40, and 52 hours a f t e r  
inser t ion ,  t h e  most accurate combination (case 439) consisted of the  observa- 
t i o n  of t he  angle between the  horizon of t he  ea r th  and a s t a r  and the  angles 
between the horizon of the  moon and two stars. For cases 437, 438, and 439, 
which a r e  iden t i ca l  except f o r  stars selected,  it i s  indicated i n  t ab le s  I11 
t o  V I 1 1  t h a t  s t a r  se lec t ion  i s  important. 

N o  attempt w a s  made t o  determine the  optimum star locat ions f o r  a given 
navigation system. However, the  stars w e r e  se lec ted  t o  be approximately 20°, 
bo, and 600 t o  the  o r b i t a l  plane; these angles thus gave f a i r l y  good measure- 
ment response t o  vehicle motions i n  the  nominal t r a j ec to ry  plane and perpendic- 
u l a r  t o  it. 

I n  f igure  10, t he  root  sum square of t he  bes t  estimate of e r rors  f o r  cases 
410, 430, and 439 a r e  p lo t t ed  as a function of t he  number of hours of observa- 
t i on .  The posi t ion f ixes  were made a t  a r a t e  of 10 per  hour and, as s t a t ed  
previously, t he  root-sum-square values of t he  vehicle ac tua l  posi t ion and veloc- 
i t y  deviations from the  nominal t r a j ec to ry  a r e  16.724795 km and 
0.010558583 km/sec, respectively.  
do not converge t o  t h e  t r u e  e r ro r s .  
regions i n  f igure  lO(a) have a l a rge r  estimated deviation from the  t rue  e r ro r  
a f t e r  4 hours of observations than a f t e r  1 hour of observations. If reference 
i s  made t o  the  standard deviations of t he  p'osition and t h e  veloci ty  e r ro r s  of 
figure 9, it can be seen t h a t  t he  random var ia t ion  of t he  estimates of f igure  1 C  
l i e  w e l l  within the l i m i t s  of t he  standard deviations.  

The random curves of f igure  10, i n  general, 
The curves f o r  t he  40-hour and 52-hour 

In  f igure  11, t h e  results of figure 9 a r e  p lo t t ed  a s  a function of t he  
distance from t h e  ea r th ' s  center.  The curves give a c learer  p ic ture  of t he  
var ia t ion  of t h e  convergence of t he  standard deviation ( a s  observation period 
increases)  over t h e  earth-moon range. 
combinations a re  drawn on a smooth curve; however, t h i s  does not mean t h a t  t he  
standard deviations of t he  b e t t e r  combinations f o r  other  i n t e rva l s  will a l s o  
l i e  on t h i s  curve. Two cha rac t e r i s t i c s  dis t inguish t h e  curves of f igure  11: 
t h e  curves exhib i t  a maximum i n  standard deviation a t  
m a t e l y  16 ka f o r  posi t ion and O . o O l 5  km/sec f o r  ve loc i ty)  and approach a 
l imi t ing  curve (along t h e  en t i r e  dis tance)  with an increase i n  the  observation 
t i m e .  

The standard deviations of t he  d i f fe ren t  

r = l2O,7OO km (approxi- 

SUMMARY OF RFSULTS 

On t h e  bas i s  of a standard deviation i n  instrument e r ro r  of about 10 arc-  
seconds (except f o r  horizon-type measurements near t he  ear th  or moon), t he  
r e s u l t s  of t h i s  study may be summarized as follows: 

1. A n  observation period of 4 hours, during which approximately 40 posi t ion 
f i x e s  were made, s t a t i s t i c a l l y  determined vehLcle posi t ion and veloci ty  i n  space 
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within approximately 16 km and 0.0015 hn/sec, respectively, in all regions of 
earth-moon space. 

2. Certain combinations of observations were more suited for position and 
velocity determination in a particular region of space than others. The better 
of these combinations of observations studied are as follows: 
earth, the combination of optical measurements of the earth's angular diameter, 
azimuth, and elevation ( o r  equivalently angular diameter and two stars to body 
center) was most accurate. 
in this region was, however, small and the use of only azimuth and elevation or 
two stars to body center gave approximately the same results. 
region beginning 1.5 hours after insertion (a radial distance from earth's cen- 
ter to vehicle of 31,704 km), the most accurate combination consisted of the 
observation of the angles between the earth's horizon and three stars as seen 
from the spacecraft. (c) For the remainder of the trajectory up to the moon's 
sphere of influence, the most accurate combination consisted of the measurement 
of the angle between the horizon of the earth and one star and the angles 
between the horizon of the moon and two stars. In the terminal region within 
the moon's sphere of influence, measurements made solely on the moon would be 
expected to be of the highest accuracy. 
region; however, the results should be somewhat similar to those obtained by 
using measurements made on the earth at close range. 

(a) Near the 

The contribution of angular diameter to the accuracy 

(b) For the 

Results are not presented for this 

3. Because of the horizon indefinition at close range, the star-to-horizon 
measurement is much less effective than the star-to-landmark measurement. 

Langley Research Center, 
National Aeronautics and Space Administration, 

Langley Station, Hanrrpton, Va., March 16, 1964. 
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Equations for Angles Corresponding to Various Optical Observations 

The computer program used to obtain the spacecraft's position and velocity 
is outlined in figure 2. It is shown that a group of six types of onboard meas- 
urements used to determine the vehicle's position and velocity could be selected 
by the value of the computer logic control parameter K. Within this group of 
six measuring types, another combination was selected by assigning a weighting 
number of 1 to the measurements desired. A weighting number of zero would 
eliminate the measurement from the computations. The equations for the meas- 
urements as outlined in figure 2, for the various values of K, are given in 
the following table (the coordinates of the earth and moon center are measured 
in a vehicle-centered axis system): 

18 



The incremental changes A, &, and & i n  t h e  equations of t he  fore- 
going t ab le  per ta in  t o  motions of t h e  orb i t ing  beacons and landmarks of t he  
ear th  or moon. The o rb i t i ng  beacon i s  i n  a c i r cu la r  o r b i t  of radius RB and 
inc l ina t ion  i. The ascending node of the  beacon's o r b i t  i s  on the  X-axis. The 
landmarks are a t  l a t i t u d e  6 and a t  incremental longitude h with respect t o  
the  X-axis a t  t i m e  zero. The spin ax is  and equator ia l  plane of t he  moon a re  
assumed t o  be p a r a l l e l  t o  those of t he  ear th  and the  selenocentric x, y, z 
coordinate system i s  assumed t o  be p a r a l l e l  t o  t he  geocentric system. Occulta- 
t i o n  of e i t h e r  the  landmark or t h e  beacon was assumed not t o  occur. The equa- 
t i o n s  for t h e  geocentric and selenocentric motions of t h e  landmark and beacons 
a re  tabulated as fo l lows:  

Coordinates or landmarks 

&E = RE C O S  & C O S  hE ( 

&E = RE COS s i n  

A 
&E = RE s i n  @E 

Coordinates or orbi t ing  beacons 



I I l l  I1 I I 1  

REF'EFENCES 

1. Noton, A. R .  M . ,  Cutting, E . ,  and Barnes, F. L.:  Analysis of Radio-Command 
Mid-Course Guidance. Tech. Rep. No. 32-28 (Contract No.  NASw-6), Jet 
Propulsion Lab., C.I .T. ,  Sept. 8, 1960. 

2. McLean, John D.,  Schmidt, Stanley F., and McGee, Leonard A . :  Optimal 
F i l t e r i n g  and Linear Prediction Applied t o  a Midcourse Navigation System 
f o r  t he  Circumlunar Mission. NASA TN D-1208, 1962. 

3. Bat t in ,  Richard H.: A S t a t i s t i c a l  Optimizing Navigation Procedure for Space 
F l ight .  
M.I.T.,  Sept. 1961. 

R-341  (Contracts NAS-9-103 and NAS-9-153), Instrumentation Lab., 

4. Mayo, Alton P.,  Hamer, Harold A . ,  and Hannah, Margery E. :  Equations f o r  
Determining Vehicle Posi t ion i n  Earth-Moon Space From Simultaneous Onboard 
Optical  Measurements. NASA TN D-1604, 1963. 

5. Hamer,  Harold A. ,  and Mayo, Alton P.: Error Analysis of Several Methods of 
Determining Vehicle Posi t ion i n  Earth-Moon Space From Simultaneous Onboard 
Optical  Measurements. NASA TN D-1803, 1963. 

6. Hannah, Margery E . ,  and Mayo, Alton P.: A Study of Factors Affecting the  
NASA TN D-2178, 1964. Accuracy of Posi t ion Fix f o r  Lunar  Trajector ies .  

7. Pines, Samuel, and Wolf, Henry: Interplanetary Trajectory by t h e  Ehcke 
Method Programmed f o r  t he  I B M  704. Rep. No. RAC-656-450 (Contract 
NASw-109 (NASA)), Republic Aviation Corp., Dec. 15, 1959. 

8. Gainer, Pa t r ick  A. :  A Method f o r  Computing t h e  Effect  of an Additional 
NASA TN D-1599, 1963. Observation on a Previous Least-Squares Estimate. 

9. Gapcynski, John P., and Woolston, Donald S.: Character is t ics  of Three 
Precision Circumlunar Trajector ies  for t h e  Year 1968. NASA TN D-1028, 
1962. 

10. Jones, Ruben L . ,  and Mayo, Alton P.:  A Study of Some Transit ion Matrix 
Assumptions i n  Circumlunar Navigation Theory. NASA TN D-1812, 1963. 

20 



TABU I.- P O S I T I O N S  OF THE THREE STARS SELECTED FOR OBSERVATION 

b 

I Direction cosines 

C 

1 

2 

3 

0.01399381 

.20296362 

* 83337690 

0.00779046 

.96862563 

- .24094237 

Angle from orbit 
plane to 
star, deg 

0.99987181 

-.14341166 

-. 49741920 

60.4 

-37.2 

-21.0 

TABLE 11.- SELFCTED COMBINATIONS OF ANGULAR OBSERVATIONS 

Observation 
combination 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

ml,E 

X 

X 

X 

X 

Angles to be observed 

9 ,E 

X 

X 

X 

X 

X 

m3,E 

X 

X 

X 

X 

X 
~ 

m2 ,M m3 ,M 
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TABLE 111. - ROOT SUM S@.JAFiE OF STANIlARD DEVIATIONS AND OF E S " 4 W  OF P O S I T I O N  AND VELOCITY ERRORS FOR EACH COMBINATION FOR TEE KEGION 0 HOUR AFTER I N S W T I O N  

Case 

400 

401 

Description of observations b, h ai-, h Av, h / sec  a,, b/sec 

21.566507 4.625866 1.257791 X 3.982808 10-3 0 *l 0 *2 CJ 
16.995629 x 10-3 34.451632 19 I 365951 2.664854 x *l 0 * 2  0 

407 0 *l 3 x2 -3 18.837927 5.631483 1.442097 x 10-2 5.286241 x 10-3 

402 ' *l 0 *2 u > 

408 *l 0 .P * 2  5 11.964933 30 705727 0.979655 x 27.597659 x 1.0-3 

409 *2 u P *l 3 80.683814 62.84O871 8.119767 x 10-2 54.519309 x 10-3 

13.552697 0.857077 x 16.975681 x 10-3 

410 0 0 0 16.626632 0.530105 1.077589 x 10-2 0.663619 x 10-3 

4l.l 0 0 16.775490 0.568877 1.050975 x 10-2 0.723044 x 10-3 

403 0 *l u * 2  2 1 18.175933 
I 

0.7230143 x 10-3 412 0 16.819845 . 0.568856 1.071234 x 10-2 

5.020955 1.162413 x 10-2 4.249581. x 10-3 

414 0 3) 18.671838 2.039918 1.138237 x 10-2 2.946561 x 10-3 

1.450771 x 10-2 404 0 *2 73 *l -3 22.084643 4.949835 

~ ~~ ~~~ ~~ 

20.345974 31.151486 1.554831 x 10-2 20.985181 x 10-3 415 9 3 

4.571649 x 10-3 

43.613934 32.736062 2.378750 x 10-2 21.491321 X 10-3 416 9 A 3  
417 0 9 0 15.761566 5.571237 1.281353 x 10-2 5.567244 x 10-3 

418 0 D 4) 17.341454 10.249433 1.286297 X 15.975676 x 10-3 

419 0 B 9 1.8.236058 2.3444434 1.145750 x 10-2 3.368574 x 10-3 
~ 

*2 @ 16.895178 0.764589 1.028771 x 10-2 o .978503 x 10-3 

16.319468 0.961127 1.095465 x 10-2 1.298651 x 10-3 
0 *I $. 4 a  

421 *I -4 -xi CR 
422 *l +B *2 6 > 16.701724 0.961075 1.035b8 x 10-2 1.298571 x 10-3 

423 0 xl *? 3 17.422390 1.840690 1.111813 x 10-2 2.265754 x 10-3 

*l 3 17.089782 1.350038 1.136623 x 10-2 2.294102 x 10-3 

54.929503 3.637823 x 10-2 37.170721 X 10-3 

37.476987 x 10-3 

81.126894 
0 ' I t2  9 424 

425 B *l 3 *2 3- 
3.081336 x 10-2 426 *l 3 % 3  44.586362 58.4O1922 



428 *l D *2 3 15.654018 7 - 929552 1.206477 x 102 12.890363 x 10-3 

429 *2 -@ .D *l 3 15.457845 2.645002 0.818720 x 10-2 4.434839 x lo-3 

4w 4-1 73 *2 0 x ,o  15.067736 2.926790 1.026437 x 2.637337 X 10-3 

454 0 *2 62 *1 F j 16.894401 1 2.085485 1.065328 x 10-2 , 2.354483 x 10-3 

36.741663 x 10-3 
I t 

455 , *1 Y x2 9 72.621613 49.780547 3.206012 x 10-2 
1 

- 456 x1 3 ~ * 2  38. a37394 50.958579 2.979893 x 10-2 36.895845 x 10-3 1 
457 +l 9 9 0 1 a . 6 4 ~ 9 2  5.620894 1.419135 x 10-2 5.244855 x 10-3 

458 *1 @ D *2 3? 17.199069 1.121802 x 10-2 3.278488 x 10-3 3 . 0 1 6 ~ 8  

459 18.599554 2.894006 1.318647 x 10-2 3.4295434 x 10-3 
*2 G D *I 9 

1.205681 x 10-2 4.142905 x 10-3 431 *2 is *3 0 16.596394 4. 203354 

x2 u *., u 20.169879 4.106468 1.294351 X 4.015841 x 10-3 

,,, - 
434 *, n x'. 73 x3 -3- 18.434ll3 3 . 3 ~ 6 2 7  1.063626 x 10-2 3.095191 x 10-3 . , -  - , -  , .  - I .  

44.591443 28.084770 1.983575 x 10-2 20.417274 x 10-3 

22.959824 .35.507708 2.553652 x 10-2 22.628109 x 10-3 
435 x1 -J * 2  -3 *3 a 
436 x2 a *., -J 
437 *1 u * 2  3 *3 -J 23.565734 17.933358 1.433514 x 14.428650 x 10-3 

438 *2 !3 XI -x * z  -3 12.459890 22.246677 0.815412 x 10-2 19.249531 x 10-3 

1.027983 x 10-2 5.89241 x 10-3 

440 0 *lo * 2  0 16.902750 1.552342 1.023847 x 10-2 1.849464 x 10-3 

439 * 3  u *1 3 *$I 17.762484 5.258338 

441 + I  0 x 2  0 16.1668658 2.555888 1.052293 x 10-2 3.214870 x 10-3 

442 *lO *? 0 B 16.916087 2.555565 1.099527 x 3.214430 x 10-3 

2.828998 x 10-3 443 0 *l 0 * 2  9 17.9O5101 2.508537 1.134891 x 

444 0 X P  E * l  L'j> 16.759131 2.08895a 1.087704 x 10-2 2.915048 x 10-3 

445 B *l x 2  LB 92.318692 54.685419 p.932995 x 36.479919 x 10-3 

38.462844 58.465865 2.855853 x 10-2 36.831482 x 10-3 446 * l  Q x2 Ll 
447 0 *la * 2  Ll 18 .567652 5.626562 1.423811 x 10-2 5.277380 x 10-3 

448 *lo P * 2  Ll 14.587563 7 * 3OW3 0.848795 x 10-2 ll.171733 X 10-3 

449 x 2  0 B *la 15.287832 5.610614 0.853073 x 10-2 7.801853 X 10-3 

450 0 x1 0 * P  0 17.143863 1.443402 1.029481 X 1.619968 x 10-3 
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TABLE IV.- ROOT SUM SQUARE OF STA" DEVUTIONS AND OF ESTIMATES OF POSITION AND VELOCITY ERRORS FOR EACH COMBINATION FOR THE =ION 1.5 HOURS AFTER INSERTION 

D e s c r i p t i o n  of observations 

1 145.71660 ' 109.43925 i 0.380660 x lo-' 1 10.804765 x 10-3 i 
F -  I - -  

D 75.068823 108.453726 1 0.578901 x 10-2 

-x-7 n *5l ?i 24.858376 i o .  917870 1.043529 x 
L - 

404 0 *2 u *l -D 23.986374 10.544840 0.913740 X 

B *l T x2 3 20.856294 327.801164 2.049812 x 51.616664 X 

406 *1 T x2 2 40. 229055 348.551418 0.302509 X 56.642405 X 

1.931276 X 

23.067498 X 

405 - 

12.887047 0.772357 x lom2 407 0 jtl : *2 -5 32.278212 

408 +I 7.3 b *2 5 207.415908 178.841361 1.231454 x 

29.363386 x 

410 0 m 0 15.465157 5.535017 1.095083 x 0.9179006 X 

1.483596 x 3.763290 X 

49.468887 257.125358 0.660853 x 499 +2 u 3 *I 3 - 

411 0 0 156.059990 65.862706 

412 0 @ D 46.120252 63.977076 0.998444 x 10-2 3.662706 x 10-3 

413 0 0 c 21.629588 8.942545 1.058705 x 10-2 1.653891 x 10-3 

0 23.837520 7 * 529307 0.903136 x 10-2 1.052005 X 10-3 
- 

442.729183 0.301759 X 63.444799 x 10-3 

416 9 $ d 15 4.5 45 477 496,179986 2.340387 X 70.709228 x 10-3 

417 0 E!, 9 29.645913 10.329784 0.825610 x 10-2 1.753863 x 10-3 

k18 @ s-. 50.017752 45.339168 1.690503 x 10-2 16.806577 x 10-3 

0 > 4 0.971464 x 3.586922 x 10-3 64.258638 45 .a83598 419 

26.805802 7.693239 0.834747 X 1.548820 x 10-3 

178.438832 209.16858 1.446981 x 15.073118 x 103 

422 *1 e- -2 e* > 70.875389 158.60523 1.178956 x 10-2 11.65039 x 10-3 

423 0 x, 3 i 2  7 24.309709 10.202899 1.035977 X 1.727298 x 10-3 

4 2  e Y - 1  + 25.025256 9.705820 0.883132 x 10-2 1.787747 x 10-3 

57.692773 x 10-3 

426 ?t *2 's 36.181933 416.47367 0.295685 x 10-2 63.66779 x 10-3 

1.924788 x 10-3 427 0 *l > j t 2  2 32.306280 12.861674 0.773988 x 10-2 

124.298612 9 
414 0 
415 D 2 

-~ 

___ _______ 

- 0 i t 1  e *e +b 420 

421 +1 $- +2 e 

6.426524 x 10-2 *2 P 317.00808 381.71298 - 
424 0 
425 D .~ +l <-- ~- - 

- . . -. 



428 *l +P > +? 3- 42.485426 58.590800 1.032309 x 10-2 22.441510 x 10-3 

459 

429 *2 43 D *I 3 67.664722 50.546814 0.398894 x 9.495816 x 10-3 

*2 1 30.960721 1 14.844155 0.908026 x lom2 ' 3.190347 x 10-3 , 
39.294054 19.672299 I 0.738714 x 10-2 3.394831 x 10-3 +2 I I? I *I P I  

0.648413 x 10-3 

2.012605 x 10-3 

3.186399 1.164889 x 10-2 4 1  u +2 5 *3 0 13.683165 
~- 

430 

431 "2 i - 5 3 ,  r7 55.104510 18.592758 1.371291 x 
i-T 

432 ;(5 -e3 i- "1 -zr 28.502443 13.297748. 1.123370 X 10-2 1.597537 x 10-3 

433 *1 u +2 (3 "3 i 10.736080 io. 019628 1.147839 x 10-2 1.483873 x 10-3 

434 +I (7 +z r7 t 2 T  15.513604 io. 076992 0.915562 x 10-2 1.358458 x 10-3 

T 

- 
435 +l : +, J * z  -D 457.592520 275.557432 5.316490 X lo-' 39.649360 X 10-3 - 
436 +2 -3 L ' Z  L 390.369208 340.981015 7.198395 X 10-2 46.957518 x 10-3 

437 +l E "2 . +3 -5 42 A16784 23.956218 1.820013 x 10-2 3.748911 X 10-3 
-c 

438 't2 (7 Y l  3 7 3  "i 160.365552 48.064190 0.448815 x 10-2 5.749779 x 10-3 
T 

33.758897 11.508684 1.124409 x 10-2 1.248368 x 10-3 *2 7 7 

1 ,  -c 439 +3 rj 
440 0 *, ,T *2 0 26.534864 7 * 232029 0.837184 X 10-2 1.4184195 x 10-3 

441 ?cl Q &2 3 207.792971 102.749683 1.383071 x 10-2 7.918697 x 10-3 

442 x, % J-2 c, D 66.413042 94.404280 1.235134 X 7.328244 x 10-3 

443 3 Gl (9 *2 G 24.093811 9.980170 1.033238 X 1.714305 x 10-3 

2 ,m +l 4 27.286910 9.372546 0.845330 x 1.702670 x 10-3 - 444 0 
445 'D y1 0 4k2 $1 218.873954 455.878746 5.407770 X 72.310404 x 10-3 

446 *l L3 T 2  L' 195.940400 516.351295 2.386233 x 10-2 85.097894 x 10-3 

447 0 *l q +2 6 32,454514 12.877134 0.772770 x 10-2 1.924663 x 10-3 

448 +l 0 > ~- +2 3 ~ 33.957963 34.805045 0.566404 x 10-2 18.340237 x 10-3 *, 9 32.874620 30.976750 0.612292 x 10-2 8.026716 x 10-3 

450 0 +I r J 3  +9 /€I 27.344686 6.325510 0.795284 X 1.282473 x 10-3 

-b. 

449 *2 0 -~ 

451 +, A 3  +3 c 14.510489 9.556467 1.163286 x 1.968314 x 10-3 

0.849702 x 10-2 1.967835 x 10-3 452 +l G *2 Q > 22,733593 9.557525 

453 o *l g- +2 2Y 22.141194 8.800987 1.079967 x 10-2 1.5>9100 X 10-3 

22.459683 8.334664 1.008794 x 10-2 1.544259 x 10-3 454 o +2 .n- *I 3Q 
455 B *, .J? *2 47 18.893578 369.204950 1.849530 X 18.558897 X 10-3 

275.406974 411.241353 2.214684 x 10-2 51.701465 x 10-3 4% *1 &7 34-2 



Iu 
r n  TABLE V. - ROW SUM SQUAFZ! OF STANDARD DEVIATIONS AND OF ESTIWfIES OF POSITION AND VELocrPY ERRORS FOR EACR COMBINATION FOR THE REGION 10 HCURS AETW R?SIEXTON 

0 
*I TT 

Description of observations 

38.301951 56 354837 0.906633 x 6.960940 x 10-3 

547.808563 1.836516 x 10-2 51.779673 x lo-3 
*l 0 
*e 7-j 422.398292 

I I 
- - 

4"_' I *l 0 
403 0 

- -  I I 

1.582891 X 21.281700 x 10-3 *e 73 B 102.695871 '1 206.840793 I *, 0 " X, 3 60.058793 46.773955 0.866553 x loe2 6.478360 X 10-3 
~~~ ~ ~~ ' 

*2 u *1 3 88.001663 83.764696 1.533121 X 12.954407 x 10-3 

D *l a *9 a 527.881794 342.171029 4 . 6 6 0 ~ 4  x 43.39907 x 10-3 

411 1 0  

77.388762 x 10-3 0.429294 X I 406 1 *l a *2 -3 73.206303 460.876483 

407 , 0 *l 3 *2 3 51.540371 51.615549 0.315615 X loa2 7.169690 x 10-3 

408 1 *I 0 D *2 3 471.682971 279.037638 0.778039 X 30.357268 X 10-3 

210.647278 297 - 187949 1.568832 X loa2 18.049264 X 10-3 

0.748442 x 5.501927 X IOm3 

409 ' *2 u D *1 2 ,  , 

410 Q I '0.145599 ' 40.93909 

0 I 505.813649 697.040811 3.317858 x 19.198164 x 10-3 

413 0 l o  9 73.318618 49.568072 0.680954 X 10'' 6.863660 x 10-3 

414 45.378369 41.461710 0.64592 X 

416 9 70.724677 469.427459 1.046209 X 48.208789 x 10-3 

417 0 9 9 58.896087 50.681736 0.430988 x 7.025316 x 10-3 

147.076574 306.343603 2.422772 x 10-2 32.226927 x 10-3 

13.796920 x lb-3 
418 0 D 9 

0.834150 x 10-2 419 0 2D 4) 280.525895 286.838515 

420 0 *1 *2 @ I 67.317646 48.578139 0.981043 x 10-2 6.391901 x 10-3 

421 XI -43 *2 766.798439 530 IJ-5902 15.046966 x 10-2 134.599154 x 10-3 
~~~~ 

388.582385 2.436187 x 10-2 52.626510 x 10-3 422 x1 -@ ' *2 43 ' 31.106342 

423 0 4- i X, 3- 63.341746 48.159931 0.826178 x 10-2 6.675396 x 10-3 
~ ~~~~~~ 

0 - x 2  @ , x1 3- 1.457532 x 10-2 12.523592 x 10-3 90,193946 424 

425 D *, 3- ' x2 3 495.434635 381.873803 4.280417 x 10-2 45.818107 x 10-3 

426 *l 3- *2 3- 245.851517 600.696725 0.748953 X 79.255044 X 10-3 

82.806628 

427 0 *I 3- *, 3 ! 54.123809 51.238470 0.296101 x 10-2 71.048059 x 10-3 



36.058368 x 10-3 1.601397 X 428 *l @ D X2 3 554.194585 321.699803 

*l G *2 P 
-h? CQ *l @ 

455 D '/t2 I 
456 *l P *2 

457 *l P 9 0 
458 *l Q B x2 8' 
459 *2 Q B *l P 

453 0 
0 - 

454 

429 x, 43- D *, 3 239.783549 307.296818 1.483431 x 10-2 16.217242 x 10-3 

I 

~ 47.534626 44.033152 0.818670 x 10-2 6.113374 x 10-3 

23.576014 35.449339 1.221409 X 10-2 4.743305 x 10-3 

572.291256 329.929553 2.145932 x 10-2 33.849492 x 10-3 

527.484431 477.671871 2.78940 x 10-2 39.396323 x 10-3 

63.664202 50. 487970 0.230703 x 10-2 7.026370 x 10-3 

14.3600ll x 10-3 

4.947032 x 10-3 

0.206193 x 10-2 102.652686 108.050965 

1.043639 37 -945486 0.95754 x 

4.488138 x 10-3 1.457202 X 430 ' +l u *2 u *3 u 13.967714 32.245959 

352.072614 541.585970 1.688747 X 20.872793 x 10-3 

13.1451hh X 3.277248 X 10-3 

93 * 299530 107.538775 2 . 3 9 6 ~ 0  x 10.808557 x 10-3 

431 *2 73 +3 0 
28.250812 432 *2 u +3 D *1 3- ~5.359698 

433 *, 73 x, (7 * x  7J 
~ 

434 *1 75 *3 u *2 3 89.70949 29.555482 1.346083 x 10-2 3.314691 x 10-3 

435 *I 3 *2 3 *3 3 36.006042 264.236856 0.446363 x 10-2 29.667631 x 10-3 

436 *2 -3 *3 -3 612.017204 470.627531 6.015060 x 10-2 47.505308 x 10-3 

437 *l 77 *2 3 * 3  3 96.449384 46 -357918 2.185673 x 10-2 6.143514 x 10-3 

438 *2 u +-1 3 *3 3 78.916877 49.219380 1.816710 x 5.308049 x 10-3 

439 *3 u *1 3 *2 3 ll. 464176 14.789891 1.228339 x 10-2 1.720057 x 10-3 

440 0 +l 0 *2 0 130.169532 73.664023 1.753702 x 10-2 8.022887 x 1 0 3  

441 x, 0 x, 0 557 .a65643 553.745192 10.613982 x 10-2 99.658939 x 10-3 

42.473702 x 10-3 

6.519030 x 10-3 

225.223718 324.079926 1.043828 x 10-2 

0.806991 x 10-2 

442 *, 0 *2 0 D 
443 0 x, 0 *, a 66.361575 47.084447 

~~ ~ 

444 0 *2 0 *l 3 74.186629 63.198487 0.951121 X 10-2 8.074956 x 10-3 

445 D *I x2 ill 441.742735 328.591545 3.738393 x 10-2 42.604956 x 10-3 



iu aJ 
TABU VI.- ROOT SUM SQUARE OF STANDARC DEVIATIONS AND OF ESTIMATES OF POSITION AND VELOCITY ERRORS FOR EACH COMBINATION FOR THE RFGION 20 HOURS AFTER INSERTION 

Description of observations AV, h j s e c  a,, kmjsec i 

94.84730 0.847593 x 12.276194 X lo-' I 400 0 I *, 0 I y-3 K 102.963082 

273.253463 1.149448 x 10-2 30.804099 x 10-3 404 0 +2 73 +TI 101.031246 

405 P 4 - 1  T *9 25.840603 264.800609 1.390600 x 10-2 33.129328 x 10-3 
7 

406 )1 -zr _-_____- *2 7 212.560401 406.062146 1.494588 x 10-2 91.375639 x 10-5 

407 0 5, *2 3 119.80995 ' 120.346459 0.952959 x 10-2 15.966221 x 10-3 

408 +1 7 3 *2 3 86.360331 253.570429 1.787605 x 10-2 31.700472 x 10-3 

409 162.604304 ' 498.056965 4.420742 x 10-2 47.489006 x 10-3 
I 

410 94.006869 90.305595 0.795678 x 10-2 11.663495 x 10-3 

I 411 ' 0 @ 365.68354 739.20976 7.276515 x 10-2 50.554886 x 10-3 

412 m 0 B 260.07910 320.78796 2.986400 x 10-2 34.822760 x 10-3 
i-- 

' 413 0 0 4 16.728621. ~ 117.37217 0.261082 x 10-2 15.385184 x 10-3 

0 m 2): 62.387595 92.439723 0.703800 x 10-2 12.015668 x 10-3 
~ -____ ___ .___- ___._ 

414 

462.03151 0.4667001 x 10-2 59.135989 x 10-3 

2' 73.477803 118.65208 0.468310 x 10-2 15.577613 x 10-3 

-? 906.82651 416 E3 Ab 

3 417 0 
-. -_--___ __- 

418 0 3 a 537.43191 277.94196 1.969530 x 10-2 32.557930 X 10-3 I 

2.735315 x 10-2 12.063884 X 10-3 

911.212177 691.821323 25.087758 x 211.250701 x 10-3 

422 +l e *2 e D - 398.229952 0.908924 X 157.139245 x 10-3 65.348124 

15.271194 X 10-3 

32.389834 X 10-3 

, 425 3 *l Y +2 9 421.871429 297.04118 2.932370 X 10-2 35.788061 x 10-3 

95.616679 x 10-3 

15.932947 x 10-3 

+1 k 2  -ff- 121.827141 93.182522 420 0 
421 "1 *2 5- _____- 

0.241938 x 10-2 423 0 *l e *2 3 158.696094 115.624876 

424 0 *2 8 *l 5 224.249110 296.515420 1.621537 x 10-2 
EL 

*2 3 85.597570 558 .a1623 1.826949 x 10-2 

- 0 ~~ ~ ~ _ _  9 *2 3 125.92611 120.956821 0.987846 x 10-2 

426 +l f- u 

427 



34.870139 x 10-3 

B *l 3- 19.104462 454.43645 4.513503 x 10-2 43.017862 x 10-3 

-k3 (7i 15.053012 79.422552 2.119559 x 10-2 10.432959 x 10-3 

431 +.2 5 *3 0 628,38989 572.81418 4.758985 x 10-2 168.17848 x 10-3 

1.242038 x 10-2 428 +l e D *2 % 405.02613 288.96855 

. .  
429 *2 -e 
430 +l 0 -/+2 u 
432 -2 7? +j C +l 3 13.199389 20.398770 0.213851 X 2.478840 x 10-3 

~- 

433 +l F +2 D +5 7 42.145935 27.259712 0.967356 x 10-2 3.194997 X 10-3 

458 *l # , D x2 GY 
*l 459 D 

434 +l u +3 is *, 3 12.656887 16.270308 2.044289 x 10-2 1.949904 x 10-3 

168.57782 156.412385 , 34.03188 x 19.064933 x 10-3 

20.615037 82. 554841 134.08243 x 10-2 11.105125 x 10-3 

435 y-1 -5 4 2  ,9 174.45765 0.480565 x 20.225511 x 10-3 63.174458 +3 -3 - 
436 t 2  3 *5 z 287.52589 389.08808 4.081634 X lom2 56.962956 X 10-3 

437 +l u 7 2  L. *3 3 190.55286 98.557244 3.243754 X 13.485804 X 10-3 

438 ;52  U +l T *, 3 21.447159 21.320473 

7- 

2.515823 x 10-3 1.353849 X lom2 
-TT 

439 --+z u *l -I 35, i, 16.232312 9.565294 1.075428 X 1.144712 x 10-3 

3 



w 
0 

160.686527 I l ~ 0 . 1 0 0 ~ 1 8  I 1.973968 x 10-2 

TABLE V I I .  - ROOT SUM SQUARE OF STANDARD DEVIATIONS AND OF ESTlMllTES OF P O S I T I O N  AND VELOCITY ERRORS FOR EACH COMBINATION FOR THE REGION 40 HOURS AFTER INSERTION 

I 

24.329054 x 10-3 

I C a s e  1 Description of observations 

403 0 +l u * 2  7 109.980564 231.215032 1.678979 x 10-2 30.938179 x 10-3 

404 326.761656 1.312279 x 41.252303 x 10-3 

248.379024 121.221709 1.195198 x 10-2 14.038403 x 10-3 

* 2  3 124.821162 383.444732 0.6995627 x 10-2 62.488552 x 10-3 

, ____ _ 0 -*2 u *l 3 30.375024 
.~~~ _____ - ~- 

*2 3 __ *, 3 _ _ ~  ~ 

T i  

405 D 
406 *l i 

407 0 *l 3 x2 3 212.207376 227.548834 2.594079 X 30.020281 x 10-3 

336.983807 122.234012 1.627109 x 10-2 14.178926 x 10-3 408 

53.810961 x 10-3 409 ~K2 i .7 3 +l 3 93.923204 

410 0 0 0 157.550646 191.654395 1.873054 X 24.279362 x 10-3 

411 @ 0 85.969224 745,013441 20.927188 x 156.987429 x 10-3 

-____ 

x, 3 D k 2  7 - 

457.717760 3.493791 x 10-2 

_ _ _ _  



428 x1 a > +2 3- 368.627163 126.013269 1.960055 x 10-2 14.576602 x 10-3 

429 *2 L/ %-, *l 3- 72.548817 406.531318 3.057407 x 10-2 47.423816 x 10-3 

430 *l u k2 0 * 3  0 40.595038 183.572173 2.837235 x 10-2 24.750834 x 10-3 

455 

256 .a38250 468.464110 13.798589 x 10-2 163.317195 x 10-3 

2.562820 x 10-3 

431 I *2 0 * 3  0 
432 +e2 0 * 3  0 +l -3 10.919567 20.350258 1.146184 x 10-2 

0.749902 x 10-2 8.565794 x 10-3 D y1 9 * 2  196.180981 90.019456 

433 *I u *2 u *3 23 35.536058 18.171985 0.974067 x 10-2 2.251124 x 10-3 

434 *1 u E3 ?2 * 2  5 16.806363 12.957175 1.007040 X 1.585701 x 10-3 

456 

457 

458 

459 

435 *l 3 ' *2 7 * 5  -3 59.408940 72.722031 0.626407 x io-2 8.396802 x 10-3 

*l ! *2 @ 127.560595 287.926013 , 1.191234 x 10-2 1 0 . 6 0 ~ ~  x 10-3 

*I @ I @ 0 55.5473Q4 160.694392 0.447041 x 10.085351 x 10-3 

D x2 262.811653 110.134927 0.860293 x 11.71.1.577 x 10-3 

, 

*I 0 
x2 # .D x1 39.879697 217.916942 4.289862 x 10-2 27.093168 X 10-3 

3.586625 x 47.592889 x 10-3 

2.697170 x 10-2 21.496098 x 10-3 

438 + 2  c +1 io. 196480 14.079558 1.15U24 x 1.711733 X 10-3 

436 3 - 2  T * 3  L 209.919773 372.202450 

+l 0 + 2  T + 3  2 318.582407 190.958322 

T 

. 437 

+ 3  T -5 

439 +3 u *1 T + 2  3 22.152442 7.823455 0.947511 x 10-2 0.874180 x 10-3 

440 0 +, 0 +, 0 170.377194 190.338370 2.160062 x 10-2 24.286903 x 10-3 

441 *I 0 *? If? 1149.772067 600.389581 15.602063 x 212.939257 x 10-3 

w 
I-' 



w 
Iu 

TABLE VII1.- ROOT SUM SQUARE OF STANDARD DEVIATIONS AND OF ESTIMATES OF POSITION AND VELOCITY ERRORS FOR EACH COMBINATION FOR THE REGION 52 HOURS AFTER Ih'SEFtTION 

Case 

400 

u,, h/sec Av, hlsec Description of observations b, la or, 

- I 

0 *l 3 *2 73 150.95663 244.20186 2.207746 X lom2 31.201318 X 10-3 

- - . _ _  _ _  __ 

405 B __ *l 3 *2 -r 77 -975131 48.414217 0.561709 x 10-2 5.333307 X 10-3 

406 x, 5 A2 3 184.118336 320.525223 0.408579 X 19.476494 x 10-3 

407 0 x1 3 *2 3 154.654563 219.171249 0.387404 x 10-2 18.011696 x 10-3 

408 *1 a B *2 -3 145.51399 49.599660 0.436747 x 10-2 5.497503 x 10-3 

409 * z  u B *l 3 __ 145.313367 196.646323 2.279409 x 10-2 21.677059 x 10-3 

410 0 0 0 316.81224 243.80596 3.839122 x 10-2 31.064202 x 10-3 
411 

_ _ ~ ~  

0 --. 8 : -  54.715443 664.54642 32.713618 x 10-2 238.58364 x 10-3 

412 0 0 D 89.392783 90.563581 0.837269 x 10-2 10.160159 x 10-3 

0 0 'Q 95.632209 228.73928 0.618344 x 10-2 19.873950 x 10-3 413 

0 0 9 37.926123 234.10483 0.878430 x 10-2 28.155473 x 10-3 414 

415 D 3 42 59.352768 48.795954 0.767948 x 10-2 5.374887 x 10-3 

416 9 42 190.63484 311.Q6429 0.640023 x 20.212073 x 10-3 

417 0 9 Q 25.568936 222.55135 1.292949 x 19.097442 x 10-3 

5.434014 x 10-3 418 0 3 9 148.96265 49.226936 

419 0 3- 3 72.026191 95.991415 1.000484 x 10-2 10.734003 x 10-3 

31.409084 x 10-3 420 0 ++l -F *2 184.41473 246.40183 2.648320 x 10-2 

421 *1 @ *2 fb 447.38154 700.20948 15.405349 x 587.40090 x 10-3 

10.588421. x 10-3 

423 0 4 *2 ,A 240.12539 0.567176 x 10-2 25.660346 x 10-3 162.36833 

0 *2 -Q +l u 17.922692 372.562895 1.686409 x 10-2 46.505391 x 10-3 424 

5.430941 x 10-3 425 b +l 3 *2 3 74.299278 49.140418 

426 *1 F A2 3 141.648200 335.276744 0.609945 x 10-2 26.a1.086 x 10-3 

23.008635 x 10-3 

-- ~ 

0.420840 x 10-2 

____ ~- 

0.931656 x 10-2 422 ' x-1 6 *2 43 I?? 110.09313 93.471182 

9, 

0.590513 x 10-2 

_ _ ~  
228.380687 0.628948 x 10-2 427 0 *l 3 *2 3 133.129601 

401 Xl (5 392.26473 644.79172 15.622997 x 436.02601 x 10-3 *2 3 I 



w w 

428 x1 e .> *2 7- 144.58781 50.070876 0.426486 x 10-2 5.558948 x 10-3 
-7. 

+ 2  -? > +l _1 128.243802 170.014672 1.960397 x 10-2 18.721660 x 10-3 + 

~ - ~ 

429 

430 4 1  c? *2 ;sj 7-3 73.950934 233. U9369 4.786477 x 10-2 31.912122 x 10-3 -7 

. ~ ~~ - - -. . 

3 7 2  0 +3 7, 229.380010 449.001987 25.347010 x 10-2 257.882860 x 10-3 431 

432 + 2  f l  - 9.748538 21.941196 1.107885 x 10-2 2.698107 x 10-3 

x j  35.604045 17 .688834 0.963290 x 10-2 2.159167 x 10-3 433 

43 4 4 1  +l ~~ 2 -2 18.178249 12.566972 0.970022 x 10-2 1.532545 x 10-3 F 

X1 L -h 2 - 3  -7 L 32.989202 28.664975 0.882187 x 10-2 3.166958 x 10-3 

7 

~ ~ ~ - . ~- 

- + 5  cr 
+l 0 + 2  .. . ,Q . .. . . . .  

- ~~ 

T n 

-~ ~ 

-T-- -5 

T 
-~ . . . . .- . . -~ 

435 
7 

L L 
289.371976 293.204339 1.647819 x 10-2 17.064172 x 10-3 

x-1 b + 2  L T 3  - 
4 2  (7; . A-1 d '3 - 1L. 473712 13.062939 1.090369 x 10-2 1.588759 10-3 

. _ _ _ _ _ _ _ ~  
7 - 4 3  436 A2 

n 
0.411986 x 10-2 8.941466 x 10-3 102.069705 80.713156 

________.-- ~ - ~ ~ _ _ _ _ ~ -  
437 

438 

439 *t., n $1 ,. *?  T 2 3 .873604 6.710529 0.910839 x 0.820615 x 10-3 

T~ - 
_________~ -~ ~ 

7- 

440 0 i ; , 3 +2 m 243.04152 249.24554 3.204047 x 10-2 31.603976 x 10-3 

445 

316.09126 778.25140 5.630226 x 10-2 269.78351 x 10-3 

99.356392 91 * 709755 0.876709 x 10-2 10.396250 x 10-3 

__ i s 2  2. 242.46377 268.20040 0.347488 x 10-2 28.405404 x 10-3 

45.434678 x 10-3 

~- ~ 

.. . D 

381.98585 0.973333 x 10-2 

0.597194 x 10-2 

"1 2 ll9.98078 

7-2 LT 73.576794 49.587107 
___ _ ~ . _ _ _ _ _  

5.481892 x 10-3 
~~- 

362.85235 397.66247 1.291972 x 10-2 29.889381 x 10-3 
7 

447 0 -)tl < -2 L ioi.238700 258.18384 0.649853 x lo-2 26.338363 x 10-3 

448 *l 3 -~ x2 2 149.21097 50.385020 0.409394 x 10-2 5.593388 x 10-3 

"1 Lr 103.765283 160.61832 1.690519 x 10-2 18.040585 x 10-3 

225.84729 4.941797 x 10-2 28.453363 x 10-3 
449 *2 0 -. 

450 0 x, 3 9  7 9  0 405.667342 

56.470111 x 10-3 6.394873 x 10-2 451 -k, 0 * 9  -3 283.730566 438.74741 

D 107.35387 91.900945 0.967233 x 10-2 10.399581 X 10-3 452 

453 - 0 . j1 4y -k2 g 88.852687 185.41252 1.215847 X 8.656565 x 10-3 

454 0 +2 0 k1 9 151.60053 253.112941 1.599859 x 10-2 30.877840 x 10-3 

2.916566 x 10-3 

456 -x 1 P k? @ 17.825577 149.95481 0.988934 x 10-2 4.180047 x 10-3 

7tl 0 x2 9 -~ 

0.513028 x 10-2 455 B +1 9 + 2  GY 84.655518 33.567697 

~~ 

457 kl w 1 . P  0 61.941237 131.4ll63 0.874263 x 10-2 3.977317 x 10-3 

1 458 *1 0 D *2 9 , 120.26064 43.376327 I 0.446706 x 10-2 4.322440 x 10-3 
~ _ _ _ _  

I 
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Figure 1.- P l o t  of t r a j e c t o r y  i l l u s t r a t i n g  t h e  regions where navigation measurements were made. 
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Figure 2.- Block diagram of computational procedure. 
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Figure 3.- Measurement error for the earth's subtended angle as a function of the number of observations. 
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Figure 4.- Root sum square of standard deviations of e r rors  i n  position and velocity fo r  case 439 
(20 hours a f t e r  inser t ion)  as a function o f  the number of f ixes  ( f ixes  taken 25 per hour). 
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Figure 5.- Effect  of number of f i x e s  and observing time on t h e  root  6um square of standard deviations of errors i n  
pos i t ion  and veloci ty  f o r  case 439 (20 hours a f t e r  i n s e r t i o n ) .  
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